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Aim. To obtain analytically new dependencies, determining the indicator of motion controllability of a wheel 
machine-tractor aggregate, taking into consideration external forces, constructive and kinematic parameters 
of the aggregate while the latter moves in the transport mode. Methods. The methods of tractor and vehicle 
theories, theoretical mechanics, the theory of dynamic stability, and methods of numeric computer calculations. 
Results. A new theory of motion controllability of a wheel machine-tractor aggregate during its non-linear mo-
tion along the surface of the soil at an angle to the horizontal was elaborated. The analytic expressions for the 
determination of the actual indicator of aggregate controllability, including force and constructive parameters 
of a machine-tractor aggregate, affecting this indicator in the longitudinal-vertical plane were made. The ana-
lytic expressions were obtained for the transport mode of the aggregate movement. The conditions, in which 
cross slips of the directive wheels of the tractor with implements in the longitudinal plane were analytically 
considered for the  rst time. The analytic expressions for the determination of the required indicator of the 
controllability of the machine-tractor aggregate in the longitudinal plane, excluding any possibility of a cross 
slip of the aggregate while turning its directive wheels at a certain angle, were de  ned. Conclusions. Computer 
calculations demonstrated that during the non-linear movement along the surface of the soil at an angle of 12° 
to the horizontal the wheel machine-tractor aggregate will be controllable only if the wheel turning angles for 
the tractor with implements do not exceed 9°. In case of the working motion of this aggregate along the slope, 
its controllability is preserved on condition that the turning angle of directive wheels does not exceed 11°. It 
was established that the controllability of the wheel machine-tractor aggregate is determined by the actual d 
and required  indicators of controllability, which take into consideration the values of the vertical load on the 
directive wheels of the power source, the possibility of their turn in the longitudinal plane, and the pull during 
the deviation from rectilinear motion when it moves along the surface at an angle to the horizontal.
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INTRODUCTION

The controllability of the motion of machine-tractor 
aggregates, based on wheel power sources, is one of 
the main indicators of their performance. Recent ana-
lytic considerations of this issue have yielded several 
variants of solving this complicated technical task. 
However, in the prevailing majority of cases, the con-

trollability of the two-dimensional motion of wheel 
machine-tractor aggregates is estimated using the in-
dicator d, used to determine the limits of vertical load 
on its front steer wheels, if they have a suf  ciently 
stable contact with the soil surface and ensure the re-
quired motion controllability. Here there is a depen-
dence, with which the vertical load on the directive 
wheels of the tractor with implements should have the 
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value, equal at least 0.2 from its operating weight, i.e. 
d  0.2.
It is absolutely obvious that this estimation indica-

tor takes into consideration the state of the conditional 
equilibrium of the machine-tractor aggregate during its 
motion in the longitudinal-vertical plane only. In con-
ditions of actual exploitation a modern machine-trac-
tor aggregate can both move on the slopes at an angle 

  12º, and have rather suf  cient stability in the di-
ametral plane. One should also consider a signi  cantly 
increased translational velocity of modern machine-
tractor aggregates, and the fact that it requires the di-
rective wheel turns at the angles of  and the presence 
of angles  of the pull of its tires. 

On the other hand, while estimating the equilibrium 
conditions of the machine-tractor aggregate in the lon-
gitudinal-vertical plane without any consideration of 
parameters , , and , then theoretically, the condition 

d  0.2 may be quite achievable by mere re-distribu-
tion of weight, i.e. by ballasting (putting on some bal-
last weight) on its front directive wheels. However, in 
actual exploitation conditions (with angles , , and ), 
this condition may seem unachievable, due to which 
some machine-tractor aggregate may prove to be actu-
ally uncontrollable.

Since the angle parameters , , and  have a con-
siderable effect on motion parameters and the control-
lability indicator for the wheel machine-tractor ag-
gregate, there is a need for determining the analytic 
dependence, re  ecting the degree of the impact of these 
parameters.

The study of the controllability of the motion of a 
wheel tractor while implementing different agricultural 
machines is dedicated many publications with detailed 
analysis of its equilibrium conditions in the longitudi-
nal-vertical plane [1–3].

The works [4 8] suggest the abovementioned indica-
tor d as a criterion of controllability, but the equations 
of the motion of the machine-tractor aggregate along 
the slope in the longitudinal-vertical plane, consid-
ered therein, do not take into account the turns of steer 
wheels of the tractor with implements or the angles of 
the pull of the tires of its steer wheels.

The dynamics of the motion of machine-tractor ag-
gregates with the consideration of angles  and  was 
studied by many researchers [6 9]. The equations ob-
tained did not consider the impact of the re-distribution 
of forces, acting on the front and back axles of a wheel 
tractor in the longitudinal-vertical plane. The study of 

the two-dimensional motion of machine-tractor aggre-
gates along the slope is dedicated the works [9 12], 
but they do not consider the criteria of motion stability, 
similar to the criterion d or any other criteria.

The aim of the current work is to obtain analytically 
new dependencies, determining the indicator of motion 
controllability of a wheel machine-tractor aggregate, 
taking into consideration external forces, constructive 
and kinematic parameters of the aggregate while the 
latter moves in the transport mode.

MATERIALS AND METHODS
The theoretical studies were conducted using the 

methods of tractor and vehicle theories, theoretical me-
chanics, the theory of dynamic stability, and methods 
of numeric computer calculations.

RESULTS AND DISCUSSION

To have theoretical studies, at  rst we shall use the 
equation for the determination of the controllability in-
dicator for the machine-tractor aggregate d in the fol-
lowing form:

where NB – vertical load on the directive wheels of a 
tractor; Gt – operating force of the weight of the tractor.

However, in some circumstances the condition (1) 
may turn out to be insuf  cient to provide for satisfac-
tory controllability of machine-tractor aggregates. It is 
especially relevant in case of their non-linear motion 
along the surface at some angle to the horizontal. Here 
the non-linearity of the aggregate motion results from 
the reaction of the tractor with implements on the steer-
ing impact – the turning angle of its steer wheels .

Let us have analytic consideration of the transport 
motion of the plowing machine-tractor aggregate in 
the combination of a wheel tractor with implements, 
class 1.4, and the three-furrow plough, assembled at the 
back of it (in the upright position). Let us elaborate the 
equivalent scheme in the longitudinal-vertical plane, 
using the known methods of the theory of tractor and 
vehicle. According to this scheme, the machine-tractor 
aggregate has its transport non-linear motion upwards 
along the surface of the soil at the angle  (Fig. 1) to 
the horizontal. To simplify the analytic research in the 
 rst approximation, let us think that the contacts, which 

the steer wheels of the tractor with implements have 
with the soil, occur in points  and . To compose the 
required equations of equilibrium of the considered 
mechanic system in the longitudinal-vertical plane, let 
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dinates bm and hm and shifted from the axis Ay by the 
angle of . It is noteworthy that the construction of the 
power source (a wheel tractor) envisages the ballast-
ing of its front axle with the force of the weight Gb, 
concentrated in the point D with the coordinates (L + 
+ d) and hb (Fig. 1).

Only two forces from the ones, affecting the men-
tioned machine-tractor aggregate, are unknown: nor-
mal reactions on the front NB and back NA axles of the 
tractor. Finding them requires the elaboration of a sys-
tem, consisting of two equations of aggregate equilib-
rium in the form of equal-zero sum of projections of all 
the forces on the axle Ay and the sum of the moments of 
all the forces regarding the point , namely:

where L – longitudinal basis of the tractor; ap, az – ac-
tion baselines of reactions NB and NA.

Let us introduce the following legend:

K1 = Gt(atcos  – htsin ), 
K2 = Gm(bmcos  + hmsin ),                       (3)
K3 = Gb[(L + d)cos  – hbsin ].

Fig. 1. The scheme of the forces, acting on the wheel machine-tractor aggregate during its transport motion upwards

us choose the  at Cartesian coordinate system xAy with 
the origin of coordinates in the point  of the contact of 
back wheels of the tractor and the soil. The X-axis Ax 
will be directed along-track of the aggregate, and the Y-
axis Ay  upwards, i.e. perpendicularly to the direction 
of the aggregate motion. Therefore, the axis Ax is also 
at the angle of  to the horizontal.

The mentioned motion of the aggregate occurs only 
under the impact of the moving force of the back wheels 
of the tractor FA, applied in the point . The drive 
mechanism of the tractor front axle is switched off, and 
the  oating resistance force PfB, applied in the point , 
acts on its steer wheels. The force of the tractor weight 
Gt is applied in the center of the tractor weights (point 

 with coordinates at, ht). In addition, normal reactions 
of the soil to the steer wheels of the tractor are shifted 
some distance off the points of its wheel tires contact-
ing the soil: by az from the point  the reaction NA

is shifted along-track of the aggregate, and by ap from 
the point  the reaction NB is also shifted in the direc-
tion of the motion (Fig. 1).

The impact of the plough on the wheel tractor is rep-
resented by the force of the weight of the ploughing 
device Gm, concentrated in the point  with the coor-
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gregate, and the conditions of its motion (angle , co-
ef  cient fk). However, all of them affect the indicator 

d only in the longitudinal-vertical plane. At the same 
time, during the non-linear motion of the machine-
tractor aggregate at a certain value of the reaction NB 
(and thus, of the indicator d) there may be such un-
loading of the steer wheels of the tractor, which will 
condition their cross slip in the horizontal plane. Both 
the controllability and total stability of the aggregate 
motion will decrease as a result. In some conditions 
the machine-tractor aggregate may become uncon-
trolled at all.

Let us present the front wheels of the tractor as one 
“equivalent” wheel [10–12], located in the plane, pass-
ing through the longitudinal axle of the tractor sym-
metry, for our following theoretical analysis (Fig. 2).

It has already been stated that the front axle of the 
tractor, on the side of the tractor frame, is affected by 
the moving force FA. It follows from the equilibrium 
equation, written in the form of equal-zero sum of pro-
jections of all the forces on the axle Ax (Fig. 1), that by 
the module this force will equal:

FA = (Gt + Gb + Gm)sin  + fkNB .               (9)

It should be also noted that in the horizontal plane 
the projection of the force PfB, applied in the point , 
is shifted from the longitudinal axle of the symmetry 
of the front “equivalent” wheel at the angle of the tire 
pull . In this case it is determined by the following 
equation:

PfB = fkNB .     (10)
Taking this fact into consideration, we use (9) and 

(10) to obtain the value of the force FA:

FA = (Gt + Gb + Gm)sin  + fkNB .    (11)

In case of a steering impact – the directive wheel 
turning angle  – the longitudinal constituent FAP of the 
force FA pushes the “equivalent” wheel along-track, 
and the cross constituent FAB, along with the inertial 
force of the front axle PJ, tries to dislocate it to the side 
(Fig. 2).

The impact of all the side forces from the soil on the 
«equivalent» wheel results in the reaction of friction 
Ft. As follows from the scheme of forces, presented in 
Fig. 2, the condition of this wheel motion without any 
cross slip is expressed by the following inequality:

Ft  FAB – PfBsin  + PJcos  .   (12)

The friction reaction Ft depends on the friction coef-
 cient for the "equivalent" wheel and the soil ft and the 

Then after the value substitution (3) in the system of 
equations (2) it gets the form:

(Gt + Gb + Gm)cos  – NB – NA = 0,
K1 – K2 + K3 – NAaz – NB (L + ap) = 0.

The system of equations (4) yields the value of the 
reaction NB:

It is known from the theory of tractor [1] that
ap = fk Rf  , (6)ap = fk Rr ,

where fk – coef  cient of  oating resistance; Rf, Rr – 
radii of  oating for front and back wheels of the tractor.

Taking into consideration (6), the equation (5) trans-
forms into the equation of the following kind:

Taking into consideration (1) and (7), the equation 
for the determination of the controllability indicator d 
has the following  nal form:

It follows from the equation (8) that the ful  llment of 
the condition (1) depends on many factors. The latter 
are both force (Gt, Gm, Gb) and constructive ( t, bm, d, ht, 
hm, hb, L, Rr, Rf) parameters of the machine-tractor ag-

Fig. 2. The scheme of forces, affecting the front "equivalent" 
wheel of the tractor in case of the turning angle  in the hori-
zontal plane during the transport motion of the ploughing 
machine-tractor aggregate
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value of the vertical load on the directive wheels of the 
tractor NB. Thus, its value will equal:

Ft = ftNB .      (13)

It also follows from the analysis of the data for the 
force scheme (Fig. 2) that the force FAB will equal:

FAB = FAsin  .    (14)

The inertial force of the front axle of the tractor will 
be de  ned by the expression:

where V – the velocity of the transposition of the point 
 (Fig. 2), which, with a suf  cient degree of accuracy, 

may be deemed to be equal the velocity of the motion 
of the machine-tractor aggregate; g – free-falling accel-
eration; RB – turn radius of the front axle of the tractor. 
According to 13], its value will equal:

After putting (16) in (15), we have:

Taking into consideration (11), (13), (14), and (17), 
the equation (12) gets the following form:

Working with the inequality (18) regarding NB, 
we obtain the following value, in case of which this 
“equivalent” wheel moves without any cross slip:

Having divided both parts of the inequality (19) by 
the force of the tractor weight Gt, we will actually ob-
tain the value o:

Thus, the equation (8) presents the actual value of 
the aggregate controllability d, and the dependence 
(20) de  nes its required value d. Here the satisfactory 

controllability of the motion of the machine-tractor ag-
gregate will occur only in case of compliance with the 
following condition:

0 < d  o.     (21)

Let us consider how conditions (1) and (21) are ful-
 lled for the machine-tractor aggregate under study, 

moving in the transport mode. Here numerous com-
puter calculations are made with the following values 
of its initial constructive and kinematic parameters: 
Gt = 40 kN; Gb = 0; L = 2.45 m; t = 0.82 m; ht = 0.9 
m; Gm = 4.5 kN; bm = 2.2 m; hm = 1.25 m; Rr = 0.73 m; 
Rf = 0.46 m; d = 0.7 m; hb = 1.0 m; fk = 0.12;  = 0…30 ; 
 = 0.01· ; V = 3…7 m/s.
The results of numerous computer calculations in the 

composed program were used to compose the charts, 
where the dependences of controllability indicators for 
the machine-tractor are presented (Fig. 3).

The calculations demonstrated that in some cases 
this machine-tractor aggregate will be controllable 
even with its non-linear motion along the road with-

Fig. 3. The dependences of the actual d (curves 1) and re-
quired o (curves 2) values of the controllability of the trans-
port machine-tractor aggregate on the wheel turning angles  
of the directive tractor wheels with the angle  of the slopes 
of the road surface  = 0 º ( );  = 12 º (b) and the velocity 
of the translational movement: 21 – V = 3.5 m/s; 22 – V = 
= 5.0 m/s; 23 – V = 7.0 m/s  
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out any slope (a = 0) in the longitudinal-vertical 
plane. 

Thus, with the velocity of the translational movement 
of V = 3.5 m/s and less, the controllability of the ma-
chine-tractor aggregate will be preserved in the whole 
range of the change in the turning angle b of the direc-
tive tractor wheels (curve 21, Fig. 3, ), as the condition 
(21) is ful  lled. At the same time, while moving with 
the velocity of 5 m/s (18 km/h), the machine-tractor 
aggregate will be controllable only if the value of the 
angle b does not exceed 16 º (curve 22, Fig. 3, ). When 
the machine-tractor aggregate is moving with the ve-
locity of 7 m/s (25.2 km/h), the condition (21) will not 
be violated, and the controllability will be preserved, if 
the value of the wheel turning angle b of the directive 
tractor wheels changes in the range of 0…11 º (curve 
23, Fig. 3, ).

In many countries the normative operation documents 
for tractors stipulate that the tractor in the composition 
of any machine-tractor aggregate should be able to 
have stable movement along the slopes of at least  = 
= 12 º. In case of the ploughing aggregate under study, 
the condition (1) for its linear movement is not ful  lled, 
as the actual value of the indicator d = 0.11 (curve 1, 
Fig. 3, b) is lower than its normative value. However, 
the  nal conclusion on the controllability or uncontrol-
lability of the machine-tractor aggregate may be drawn 
only after checking the condition (21). The calculations 
using the dependence (20) demonstrate that with the 
value of the directive wheel turning angle b not exceed-
ing 8° and the velocity of its movement V £ 3.5 m/s the 
condition (21) is ful  lled (curve 21, Fig. 3, b) and thus 

this machine-tractor aggregate is controllable. Its con-
trollability will be preserved at the velocity of 7 m/s, 
but in this case the wheel turning angle b should not 
exceed 5 º (curve 23, Fig. 3, b).

One of the suggested ways to solve this technical 
problem is the ballasting of the front axle of the wheel 
tractor. The results of computer calculations were used 
to build graphic dependences of the values of the con-
trollability indicators for the machine-tractor aggregate 
on the value of ballasting on the front axle of the tractor 
(Fig. 4). It was determined that the increase in the value 
of the parameter Gb leads to the increase in the load Nb 
on the directive wheels of the power source along with 
the indicator d (curve 1, Fig. 4). The calculations dem-
onstrated simultaneous increase in the required value 
of the controllability indicator, i.e. o. But it is differ-
ent for different velocities of the aggregate motion. The 
analysis of the data in Fig. 4 also demonstrates that at 
a = 12 º, b = 10 º and V = 3.5 m/s the condition (21) 
may be ful  lled with the value of the ballast of 
Gb  1 kN. Here the weight of the ballast will equal 
Gb = 1.020 kg.

If the aggregate moves with the velocity of 5 m/s, the 
equality of the actual d (curve 1, Fig. 4) and required 

o (curve 22) indicators of the controllability will take 
place at the value of the ballast of 3 kN (the ballast 
weight will equal Gb = 3.060 kg).

At the same time the condition (21) for the control-
lable (and thus stable) motion of the wheel machine-
tractor aggregate under study with the velocity of 7 m/s 
(25.2 km/h) will be possible for the ballasting of the 
front axle of the tractor of Gb = 33 kN (ballast weight 
will equal Gb = 3.364 kg). It is quite evident that it is 
practically unrealistic to place such a ballast weight on 
the front axle of a wheel tractor of 1.4 drawbar cat-
egory.

Therefore, the application of ballasts on the front axle 
of the directive wheels on any wheel power source may 
solve the problem of controllability of non-linear mo-
tion of the machine-tractor aggregate only for a speci  c 
range of velocities.

CONCLUSIONS
The analysis of the controllability of the machine-

tractor aggregate should involve the indicator, taking 
into consideration both the value of the vertical load 
on the directive wheels of the power source and the 
possibility of their turning and the pull in case of the 
machine-tractor aggregate diverting from its linear mo-
tion and its transposition at an angle to the horizontal. 

Fig. 4. The dependencies of the actual d (curve 1) and re-
quired o (curves 2) values of the controllability indicators 
for the machine-tractor aggregate on the value of the ballast-
ing on the front axle of the wheel tractor and the velocity of 
its movement: a = 12 º; b = 10 º; 21 – V = 3.5 m/s; 22 – V = 
= 5.0 m/s; 23 – V = 7.0 m/s



9

THEORY OF MOTION CONTROLLABILITY OF A WHEEL MACHINE-TRACTOR AGGREGATE

AGRICULTURAL SCIENCE AND PRACTICE   Vol. 3   No. 2   2016

There is an obtained analytical expression to de-
termine the controllability indicator for the machine-
tractor aggregate, which conditions its required value 

o and considers the interrelation both with force and 
constructive parameters of the machine-tractor aggre-
gate, and with the conditions of its motion.

The controllability of the machine-tractor aggregate 
may be considered suf  cient, if the actual (calculated 
by the formula (8)) and required (calculated by the 
formula (20)) values of the controllability indicator 
for the aggregate meet the condition, de  ned by the 
equation (21).
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