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Aim. To develop an ef¿cient method of building a numerical model for the process of moisture transfer under
trickle irrigation, with the mathematical modeling of the method involving the system of differential equations
in partial derivatives of Klute-Richards, and to perform computing experiments regarding Àat-vertical pro¿le
moisture transfer with point sources. Methods. The mathematical apparatus of the theory of differential schemes
of solving differential equations in partial derivatives, and Newton’s method of iterative approximate solving
of non-linear equations. Results. A stable differential two-step symmetrized algorithm (TS-algorithm) along
with the corresponding scheme of the method of numerical solution for initially-boundary task for Richards’
equation was created. The method was realized in the form of a computer program in C++ language, the
computing experiments were performed with three deeper points, the humidity zones for volume moisture and
potential were obtained. Conclusions. The numerical method was suggested, ensuring the ef¿cient solution
to Richards’ non-linear equation in conditions of several deep point sources. The algorithm structure allows
reducing the system of non-linear algebraic equations with many unknowns to solving independent non-linear
equations with one unknown. The presented method may easily be expanded for three-dimensional cases. The
results of computing experiments are in agreement with natural observations.
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The current work is the continuation of the studies
[1] on numerical modeling of the moisture transfer

process under trickle irrigation, where mathematical modeling was based on the system of differential equations in partial derivatives of Klute-Richards [2], which considers the conditions of moisture
transfer process in the most complete way. The researchers either linearize the model and reduce the
task to solving the system of linear algebraic equations at any moment of time [1, 3], or solve the nonlinear system iterationally at any moment of time
[4], which requires considerable computing resources, especially in the three-dimensional case. The
suggested numerical method ensures ef¿cient solving of Richards’ non-linear equation in conditions of
deeper point sources due to the splitting of the non-

AGRICULTURAL SCIENCE AND PRACTICE Vol. 3 No. 3 2016

35

INTRODUCTION
Trickle irrigation is one of the most ef¿cient ways of
microirrigation, under which water is supplied locally
in dosed portions into the pre-root zone of plants using
the dispensing droppers. On the one hand, it raises the
problem of sustaining the soil humidity level, optimal
for plants, and on the other hand – the minimization of
water use. In particular, the solution to this problem is
related to forecasting the moisture distribution depending on the capacity of droppers, their position (deeper or
on the surface), as well as the density of their placing.
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In the rectangular region G = {(x, z)| 0 < x < a,
–b < z < 0}(Fig. 1) let us consider the non-linear differential equation:

Fig. 1. Region G

Here the unknowns are: W – volume humidity;
U = P + z – piezometric head; P – hydrodynamic potential, dependent on W: P = ĳ(W); ĳ – a known function,
which depends on the soil type and may be built rather accurately using tenziometric method (Fig. 2) [5];
f(x, z, t) = fk(x, z, t) – fĲ(x, z, t) – the function of sources
(droppers) and drains (moisture intake by plant roots).
In conditions of point sources (droppers) the function
fk(x, z, t) presents a linear combination of į-functions
of Dirac.
It should be noted that the equation (1) may be written in the terms of the head [6]:

where
– the function of water saturation
from the head, de¿ned in an experimental way.
Fig. 2. Generalized dependences PS = (W) for different types
of soils: 1 – sandy; 2 – light loamy; 3 – medium loamy; 4 –
heavy loamy

The coef¿cient of moisture transfer is a given dependence which may be experimentally de¿ned. The Averianov’s formula [7, 8] was used in this work as a possible variant of approximation:

linear system, which easily and ef¿ciently covers the
three-dimensional case.
The work was based on the assumption that there are
no dissolved salts in the irrigation water, the process of
moisture spreading is isothermal, the soil structure is
not deformed, the pressure of soil air equals the atmospheric pressure, the moisture in soil is not condensed,
moisture transfer occurs under the impact of capillary,
gravitational forces, moisture gradients, evaporation,
and the intake force of the plant root system.
This work was aimed at developing an ef¿cient
method for numerical modeling of the moisture transfer process under trickle irrigation, and at performing
computing experiments for Àat-vertical pro¿le moisture transfer with point sources.
MATERIALS AND METHODS
Taking axial symmetry into consideration, let us reduce the three-dimensional task of moisture transfer to
the task of Àat-vertical moisture transfer.
36

where Kf – ¿ltration coef¿cient; W – volume humi-dity of soil; W* – maximal molecular moisture capacity
(MMMC) according to Lebedev; m – complete moisture capacity of soil.
The equation (1) is supplemented as follows
With the initial condition:
W |t = 0 = W0(x, z) – a given function;

(3)

and boundary conditions:
on the surface z = 0:
U = 0 (deeper sources – absent from the surface) or ,
(4)
U = hk
where hk – the height of capillary rising;
on the lower boundary z = –b:
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on the right and left vertical boundaries:

Solving the initial-boundary task (1)–(6), (8) will
allow forecasting the dynamics of the change in the
volume humidity and the head in the given time interval under given parameters of droppers in the given
conditions.
RESULTS AND DISCUSSION
Model analysis. Taking into account the formula
(2), let us write the equation (1) in a non-divergent
form:

where

Fig. 3. Net ȍhĲ

ȍ(1)hĲ {(xi, zj, tn)|i + j + n – even} (×) and
ȍ(2)hĲ {(xi, zj, tn)|i + j + n – even} (ż).
Let us de¿ne the initials on the net:
W0ij = W0(ihx, – jhz), i = 0, M1, j = 0, M2

(9)

and boundary conditions:

.

To use the main hydrophysical characteristic – dependence PS = f(W) in the presented mathematical model,
it is more convenient to apply smooth approximations
of dependences from the charts in Fig. 2 in the analytic
form [9, 10]:

To ¿nd the solution of Wn+1ij, at each subsequent
(n + 1) time step in the inner joints we shall use the
schemes with central differences: at ¿rst we shall ¿nd
the solution of Wn+1ij in joints (xi, zj, tn+1)  ȍ(1)hĲ by the
evident differential scheme:
Wn+1ij = Wnij + ĲLhĲ(Wn+1ij), i = 1,M1–1, j = 1,M2–1,
where (13)

where ȝ and n – empiric parameters, selected experimentally or by Newton’s method.
Here we receive the formula of dependence of the
unknown piezometric head on the unknown volume
humidity:

The numerical discrete model. The numerical solution of the presented initial-boundary task (1ƍƍ), (2)í
(6), (8) was ef¿cient via the method of ¿nite differences, namely, a two-step symmetrized algorithm (TSalgorithm) [11] in combination with Newton’s method
for non-linear equations.

then in joints (xi, zj, tn+1)  ȍ(2)hĲ by the non-evident differential scheme
Wn+1ij = Wnij + ĲLhĲ(Wn+1ij).

(14)

ȍhĲ {(xi, zj, tn)|xi = ihx, zj = –jhz,

Taking into consideration the fact that the values in
neighboring joints are found by the evident scheme
(13), the system M1M2 of non-linear algebraic equations (9)í(14) with M1M2 unknowns is split into
M1M2/2 independent non-linear equations with one unknown:

tn = nĲ, i = 0,M1, j = 0,M2, n = 0,N}

Fn+1ij(Wn+1ij) = 0

The idea of a TS-algorithm is as follows. The region of G is applied an even net,

divided into two subsets (Fig. 3).
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where (15)
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Fig. 4. Isolines of solution W at a mo- Fig. 5. Calculated values of humidity W Fig. 6. Isolines of solution P at a moment of time t = 0.066 for all three dee- at a moment of time t = 0.066 for three ment of time t = 0.066 for three deeper
per sources (droppers)
deeper sources (droppers)
sources (droppers)

1) a computing module, forming approximate solutions Wn+1ij and Un+1ij, i = 0,M1, j = 0,M2, n = 0,N in the
form of binary ¿les;
2) a graphic module – a module of graphic processing
of the obtained binary ¿les, used to obtain Fig. 4í6.

The obtained non-linear equations are solved by
Newton’s method:

The computing experiments were performed using
the following parameters:
– ¿ltration coef¿cient Kf;
– bound moisture (MMMC) W* = 0.17 (sandy soils);
– poriness m = 0.31;
– height of capillary uprise hk = 1.25;
– width a = 1 and depth b =1 of the region; ¿nal moment of time T1 = 1;
– three point sources with intensities 1;
– hx = hz= 1/40, Ĳ = 1/500
– accuracy of Newton’s iterative method: İ = 10–7

Let us consider the condition of completing the iterative process to be
|ws+1 – ws|  İ,

Taking into account the fact that accurate analytical
solution may be found only in case of stable coef¿cients, a posteriori evaluation of a deviation is impossible. Here the results of the experiments correspond to
natural observations and con¿rm the ef¿ciency of the
suggested method.
CONCLUSIONS

The analysis of computing experiments. The presented numerical method was realized in ɋ/ɋ++ language
in Microsoft Visual Studio in the form of two program
modules:

The ef¿cient numerical method of solving the initialboundary equation for Richards’ equation in Àat-vertical case R2 was developed, describing the process of
moisture distribution in soil under trickle irrigation with
point sources. The algorithm may be extended to the
natural case R3 of three-dimensional space. The structure of the method, namely, the splitting of a non-linear
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where İ – given accuracy.
The algorithm is locally stable by its initial data [11].
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system into independent non-linear equations with one
unknown allows for parallel calculations, which may
be especially ef¿cient for case R3. The method was realized and successfully applied for numerical modeling
of moisture transfer process in case of three deep point
sources (Fig. 4–6). There is an observed alignment error of the humidity contours on sources one and three
towards the second source (Fig. 4, 6). In our opinion,
this phenomenon may be explained by the interference
of point sources: the middle source gives additional
moisture to the humidity zone of sources one and three,
their boundaries (contours) “merge”.
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Ɇɟɬɚ. Ɋɨɡɪɨɛɤɚ ɟɮɟɤɬɢɜɧɨɝɨ ɦɟɬɨɞɭ ɞɥɹ ɱɢɫɟɥɶɧɨɝɨ
ɦɨɞɟɥɸɜɚɧɧɹ ɩɪɨɰɟɫɭ ɜɨɥɨɝɨɩɟɪɟɧɟɫɟɧɧɹ ɡɚ ɤɪɚɩɥɢɧɧɨɝɨ ɡɪɨɲɟɧɧɹ, ɜ ɨɫɧɨɜɿ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜɚɧɧɹ
ɹɤɨɝɨ ɜɢɤɨɪɢɫɬɚɧɨ ɫɢɫɬɟɦɭ ɞɢɮɟɪɟɧɰɿɣɧɢɯ ɪɿɜɧɹɧɶ ɭ
ɱɚɫɬɢɧɧɢɯ ɩɨɯɿɞɧɢɯ Ʉɥɸɬɚ–Ɋɿɱɚɪɞɫɚ, ɬɚ ɩɪɨɜɟɫɬɢ ɨɛɱɢɫɥɸɜɚɥɶɧɿ ɟɤɫɩɟɪɢɦɟɧɬɢ ɞɥɹ ɜɢɩɚɞɤɭ ɩɥɨɫɤɨ-ɜɟɪɬɢɤɚɥɶɧɨɝɨ ɩɪɨɮɿɥɶɧɨɝɨ ɜɨɥɨɝɨɩɟɪɟɧɟɫɟɧɧɹ ɡ ɬɨɱɤɨɜɢɦɢ
ɞɠɟɪɟɥɚɦɢ. Ɇɟɬɨɞɢ. Ɇɚɬɟɦɚɬɢɱɧɢɣ ɚɩɚɪɚɬ ɬɟɨɪɿʀ ɪɿɡɧɢɰɟɜɢɯ ɫɯɟɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ ɪɿɜɧɹɧɶ ɜ
ɱɚɫɬɢɧɧɢɯ ɩɨɯɿɞɧɢɯ, ɚ ɬɚɤɨɠ ɦɟɬɨɞ ɇɶɸɬɨɧɚ ɿɬɟɪɚɰɿɣɧɨɝɨ ɧɚɛɥɢɠɟɧɨɝɨ ɪɨɡɜ’ɹɡɚɧɧɹ ɧɟɥɿɧɿɣɧɢɯ ɪɿɜɧɹɧɶ.
Ɋɟɡɭɥɶɬɚɬɢ. ɋɬɜɨɪɟɧɨ ɫɬɿɣɤɢɣ ɪɿɡɧɢɰɟɜɢɣ ɞɜɨɤɪɨɤɨɜɢɣ
ɫɢɦɟɬɪɢɡɨɜɚɧɢɣ ɚɥɝɨɪɢɬɦ (Ⱦɋ-ɚɥɝɨɪɢɬɦ) ɬɚ ɜɿɞɩɨɜɿɞɧɭ
ɫɯɟɦɭ ɦɟɬɨɞɭ ɱɢɫɟɥɶɧɨɝɨ ɪɨɡɜ’ɹɡɚɧɧɹ ɩɨɱɚɬɤɨɜɨ-ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ ɞɥɹ ɪɿɜɧɹɧɧɹ Ɋɿɱɚɪɞɫɚ. Ɇɟɬɨɞ ɪɟɚɥɿɡɨɜɚɧɨ
ɭ ɜɢɝɥɹɞɿ ɤɨɦɩ’ɸɬɟɪɧɨʀ ɩɪɨɝɪɚɦɢ ɦɨɜɨɸ ɋ++, ɩɪɨɜɟɞɟɧɨ ɨɛɱɢɫɥɸɜɚɥɶɧɿ ɟɤɫɩɟɪɢɦɟɧɬɢ ɡ ɬɪɶɨɦɚ ɡɚɝɥɢɛɥɟɧɢɦɢ ɞɠɟɪɟɥɚɦɢ, ɨɬɪɢɦɚɧɨ ɡɨɧɢ ɡɜɨɥɨɠɟɧɧɹ ɞɥɹ ɨɛ’ɽɦɧɨʀ
ɜɨɥɨɝɨɫɬɿ ɿ ɩɨɬɟɧɰɿɚɥɭ. ȼɢɫɧɨɜɤɢ. Ɂɚɩɪɨɩɨɧɨɜɚɧɨ ɱɢɫɟɥɶɧɢɣ ɦɟɬɨɞ, ɹɤɢɣ ɞɨɡɜɨɥɹɽ ɟɮɟɤɬɢɜɧɨ ɪɨɡɜ’ɹɡɭɜɚɬɢ
ɧɟɥɿɧɿɣɧɟ ɪɿɜɧɹɧɧɹ Ɋɿɱɚɪɞɫɚ ɡɚ ɭɦɨɜ ɤɿɥɶɤɨɯ ɡɚɝɥɢɛɥɟɧɢɯ ɬɨɱɤɨɜɢɯ ɞɠɟɪɟɥ. ɋɬɪɭɤɬɭɪɚ ɚɥɝɨɪɢɬɦɭ ɞɨɡɜɨɥɹɽ
ɡɜɟɫɬɢ ɪɨɡɜ’ɹɡɚɧɧɹ ɫɢɫɬɟɦɢ ɧɟɥɿɧɿɣɧɢɯ ɚɥɝɟɛɪɚʀɱɧɢɯ
ɪɿɜɧɹɧɶ ɡ ɛɚɝɚɬɶɦɚ ɧɟɜɿɞɨɦɢɦɢ ɞɨ ɪɨɡɜ’ɹɡɚɧɧɹ ɧɟɡɚɥɟɠɧɢɯ ɧɟɥɿɧɿɣɧɢɯ ɪɿɜɧɹɧɶ ɡ ɨɞɧɢɦ ɧɟɜɿɞɨɦɢɦ. ɇɚɜɟɞɟɧɢɣ
ɦɟɬɨɞ ɦɨɠɟ ɛɭɬɢ ɥɟɝɤɨ ɩɨɲɢɪɟɧɢɣ ɧɚ ɬɪɢɜɢɦɿɪɧɢɣ
ɜɢɩɚɞɨɤ. Ɋɟɡɭɥɶɬɚɬɢ ɨɛɱɢɫɥɸɜɚɥɶɧɢɯ ɟɤɫɩɟɪɢɦɟɧɬɿɜ ɭɡɝɨɞɠɭɸɬɶɫɹ ɡ ɧɚɬɭɪɚɥɶɧɢɦɢ ɫɩɨɫɬɟɪɟɠɟɧɧɹɦɢ.
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Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɤɪɚɩɥɢɧɧɟ ɡɪɨɲɟɧɧɹ, ɡɨɧɚ ɡɜɨɥɨɠɟɧɧɹ, ɜɨɥɨɝɨɩɟɪɟɧɟɫɟɧɧɹ, ɱɢɫɟɥɶɧɟ ɦɨɞɟɥɸɜɚɧɧɹ, ɪɿɜɧɹɧɧɹ
Ʉɥɸɬɚ-Ɋɿɱɚɪɞɫɚ.
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ɐɟɥɶ. Ɋɚɡɪɚɛɨɬɚɬɶ ɷɮɮɟɤɬɢɜɧɵɣ ɦɟɬɨɞ ɞɥɹ ɱɢɫɥɟɧɧɨɝɨ ɦɨɞɟɥɢɪɨɜɚɧɢɹ ɩɪɨɰɟɫɫɚ ɜɥɚɝɨɩɟɪɟɧɨɫɚ ɩɪɢ ɤɚɩɟɥɶɧɨɦ ɨɪɨɲɟɧɢɢ, ɜ ɨɫɧɨɜɟ ɦɚɬɟɦɚɬɢɱɟɫɤɨɝɨ ɦɨɞɟɥɢɪɨɜɚɧɢɹ ɤɨɬɨɪɨɝɨ ɢɫɩɨɥɶɡɨɜɚɧɚ ɫɢɫɬɟɦɚ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ
ɭɪɚɜɧɟɧɢɣ ɜ ɩɪɨɢɡɜɨɞɧɵɯ ɱɚɫɬɟɣ Ʉɥɸɬɚ–Ɋɢɱɚɪɞɫɚ, ɢ
ɩɪɨɜɟɫɬɢ ɜɵɱɢɫɥɢɬɟɥɶɧɵɟ ɷɤɫɩɟɪɢɦɟɧɬɵ ɞɥɹ ɫɥɭɱɚɹ
ɩɥɨɫɤɨ-ɜɟɪɬɢɤɚɥɶɧɨɝɨ ɩɪɨɮɢɥɶɧɨɝɨ ɜɥɚɝɨɩɟɪɟɧɨɫɚ ɫ ɬɨɱɟɱɧɵɦɢ ɢɫɬɨɱɧɢɤɚɦɢ. Ɇɟɬɨɞɵ. ɂɫɩɨɥɶɡɨɜɚɧ ɦɚɬɟɦɚɬɢɱɟɫɤɢɣ ɚɩɩɚɪɚɬ ɬɟɨɪɢɢ ɪɚɡɧɨɫɬɧɵɯ ɫɯɟɦ ɪɟɲɟɧɢɹ
ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɜ ɩɪɨɢɡɜɨɞɧɵɯ ɱɚɫɬɟɣ,
ɚ ɬɚɤɠɟ ɦɟɬɨɞ ɇɶɸɬɨɧɚ ɢɬɟɪɚɰɢɨɧɧɨɝɨ ɩɪɢɛɥɢɠɟɧɧɨɝɨ
ɪɟɲɟɧɢɹ ɧɟɥɢɧɟɣɧɵɯ ɭɪɚɜɧɟɧɢɣ. Ɋɟɡɭɥɶɬɚɬɵ. Ɋɚɡɪɚɛɨɬɚɧ ɫɬɨɣɤɢɣ ɪɚɡɧɨɫɬɧɵɣ ɞɜɭɲɚɝɨɜɵɣ ɫɢɦɦɟɬɪɢɡɨɜɚɧɧɵɣ ɚɥɝɨɪɢɬɦ (Ⱦɋ-ɚɥɝɨɪɢɬɦ) ɢ ɫɨɨɬɜɟɬɫɬɜɭɸɳɚɹ ɫɯɟɦɚ
ɦɟɬɨɞɚ ɱɢɫɥɟɧɧɨɝɨ ɪɟɲɟɧɢɹ ɢɡɧɚɱɚɥɶɧɨ ɤɪɚɟɜɨɣ ɡɚɞɚɱɢ
ɞɥɹ ɭɪɚɜɧɟɧɢɹ Ɋɢɱɚɪɞɫɚ. Ɇɟɬɨɞ ɪɟɚɥɢɡɨɜɚɧ ɜ ɜɢɞɟ
ɤɨɦɩɶɸɬɟɪɧɨɣ ɩɪɨɝɪɚɦɦɵ ɧɚ ɹɡɵɤɟ ɋ++, ɩɪɨɜɟɞɟɧɵ
ɜɵɱɢɫɥɢɬɟɥɶɧɵɟ ɷɤɫɩɟɪɢɦɟɧɬɵ ɫ ɬɪɟɦɹ ɭɝɥɭɛɥɹɸɳɢɦɢ
ɢɫɬɨɱɧɢɤɚɦɢ, ɩɨɥɭɱɟɧɵ ɡɨɧɵ ɭɜɥɚɠɧɟɧɢɹ ɞɥɹ ɨɛɴɟɦɧɨɣ
ɜɥɚɠɧɨɫɬɢ ɢ ɩɨɬɟɧɰɢɚɥɚ. ȼɵɜɨɞɵ. ɉɪɟɞɥɨɠɟɧ ɱɢɫɥɟɧɧɵɣ ɦɟɬɨɞ, ɩɨɡɜɨɥɹɸɳɢɣ ɷɮɮɟɤɬɢɜɧɨ ɪɟɲɚɬɶ ɧɟɥɢɧɟɣɧɨɟ ɭɪɚɜɧɟɧɢɟ Ɋɢɱɚɪɞɫɚ ɜ ɭɫɥɨɜɢɹɯ ɧɟɫɤɨɥɶɤɢɯ ɭɝɥɭɛɥɹɸɳɢɯ ɬɨɱɟɱɧɵɯ ɢɫɬɨɱɧɢɤɨɜ. ɋɬɪɭɤɬɭɪɚ ɚɥɝɨɪɢɬɦɚ ɞɚɟɬ ɜɨɡɦɨɠɧɨɫɬɶ ɫɜɟɫɬɢ ɪɟɲɟɧɢɟ ɫɢɫɬɟɦɵ ɧɟɥɢɧɟɣɧɵɯ
ɭɪɚɜɧɟɧɢɣ ɚɥɝɟɛɪɚɢɡɦɚ ɫɨ ɦɧɨɝɢɦɢ ɧɟɢɡɜɟɫɬɧɵɦɢ ɤ ɪɟɲɟɧɢɸ ɧɟɡɚɜɢɫɢɦɵɯ ɧɟɥɢɧɟɣɧɵɯ ɭɪɚɜɧɟɧɢɣ ɫ ɨɞɧɢɦ
ɧɟɢɡɜɟɫɬɧɵɦ. ɉɪɟɞɫɬɚɜɥɟɧɧɵɣ ɦɟɬɨɞ ɦɨɠɟɬ ɛɵɬɶ ɥɟɝɤɨ
ɪɚɫɩɪɨɫɬɪɚɧɟɧ ɧɚ ɬɪɟɯɦɟɪɧɵɣ ɫɥɭɱɚɣ. Ɋɟɡɭɥɶɬɚɬɵ ɜɵɱɢɫɥɢɬɟɥɶɧɵɯ ɷɤɫɩɟɪɢɦɟɧɬɨɜ ɫɨɝɥɚɫɭɸɬɫɹ ɫ ɧɚɬɭɪɚɥɶɧɵɦɢ ɧɚɛɥɸɞɟɧɢɹɦɢ.
Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɤɚɩɟɥɶɧɨɟ ɨɪɨɲɟɧɢɟ, ɡɨɧɚ ɭɜɥɚɠɧɟɧɢɹ, ɜɥɚɝɨɩɟɪɟɧɨɫ, ɱɢɫɥɟɧɧɨɟ ɦɨɞɟɥɢɪɨɜɚɧɢɟ, ɭɪɚɜɧɟɧɢɟ
Ʉɥɸɬɚ-Ɋɢɱɚɪɞɫɚ.
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